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The Forster resonant energy transfer mechanism (FRET) is investigated in optically driven and 
electrically gated tunnel coupled quantum dot molecules. Two novel FRET induced optical signa- 
tures are found in the dressed excitonic spectrum. This is constructed from exciton level occupation 
as function of pump laser energy and applied bias, resembling a level anticrossing spectroscopy mea- 
surement. We observe a redistribution of spectral weight and splitting of the exciton spectral lines. 
FRET among single excitons induces a splitting in the spatially-direct exciton lines, away from the 
anticrossing due to charge tunneling in the molecule. However, near the anticrossing, a novel signa- 
ture appears as a weak satellite line following an indirect exciton line. FRET signatures may also 
occur among indirect excitons, appearing as split indirect lines. In that case, the signatures appear 
also in the direct biexciton states, as the indirect satellite mixes in near the tunneling anticrossing 
region. 

PACS numbers: 71.35.-y, 73.21.La, 78.67.Hc, 71.35.Gg 



I. INTRODUCTION 



Semiconductor quantum dot molecules (QDMs) 
exhibit remarkable electronic and optical proper- 
ties determ ined by their size, shape and material 
composition! ^ * ^ * ^ *^ These structures allow studies of dif- 
ferent mechanisms of coherent optoelectronic control of 
excitonic states in the pursuit of stable and well char- 
acterized qubits.'^ A fundamental step in this direc- 
tion is the identification of the relevant interdot quan- 
tum couplings. Recently, level anticrossing spectroscopy 
(LACS) experiments performed on InGaAs/GaAs QDM 
samples,EEl have beautifully demonstrated the nature of 
the dressed spectrum and exciton molecular resonances 
where charge inter-dot tunneling is the relevant quan- 
tum coupling. Tunneling induced anticrossing optical 
signatures were found as function of applied electric field 
and pump laser frequency; each anticrossing originating 
from the mixing between direct and indirect Stark shifted 
exciton lev els .1^1 Similarly, investigations on nanocrys- 
tal QDsl^l! and self-assembled QD arrays have shown 
that the Forster resonant energy transfer mechanism 
(FRET), ESI may be important as well in the full deter- 
mination and control of interdot coupling, with poten- 
tial apglicability on the development of quantum logic 
gates. Therefore, a natural question is what kind of 
FRET signatures could arise in a general LACS exper- 
iment, despite the strong effects of charge tunneling on 
the QDM behavior. 

In this work, we investigate the optical signatures of 
FRET on the dressed spectrum of a tunnel coupled QDM 
under laser excitation and applied static field. We per- 
form numerical simulations that incorporate realistic in- 
put parameters, such as electron and hole tunnelings 
and interba nd transiti on moments, extracted from recent 
experiment^i^Iinilillll qj. calculations;^^ Our work indi- 
cates that the strength of FRET optical signatures in 
the presence of large charge tunneling, are controllable 



by laser-exciton detuning, exciton DC stark shift and ex- 
citation power. This opens the possibility of observing 
FRET signatures on the electric field dependent opti- 
cal spectrum of realistic QDMs. In Sec. [ll] the model 
for the QDM is introduced. An excitonic population 
map, as function of applied bias and pump laser energy 
is constructed, resembling the dressed LACS spectra of 
the QDM. Our main results are presented for two dif- 
ferent cases. In Sec. IIIII we consider the LACS for a 
QDM dressed spectrum involving Forster coupling of di- 
rect single excitons. We show how the coupling is man- 
ifested in the variation of the amplitude (brightness) of 
a FRET split satellite as a function of the applied elec- 
tric field: strong at high fields, where the direct-indirect 
exciton resonance is negligible, decaying as tunneling be- 
comes becomes important, and vanishing completely at 
the molecular resonance (anticrossing). In Sec. Ill A we 



discuss the results of the dressed spectrum including biex- 
citonic effects, which arise generally upon strong excita- 
tion. Although the level manifold including biexcitons is 
much more complex, we confirm that the signatures do 
not change qualitatively with respect to those of the sim- 



pler model in Sec. Ill In Sec. IV we consider the Forster 
coupling between spatially indirect biexciton complexes, 
which results in signatures appearing as split-off satellites 
on these trion-like biexciton states. The satellite and the 
splitting are quite resilient against variations of electric 
field over a wide range, a unique signature which should 
facilitate experimental identification. 



II. MODEL 

The QDM consists of nonidentical "top" (T) and "bot- 
tom" (B) quantum dots, see Fig. la, separated by a bar- 
rier of width d. The QDM is under an axial electric field 
F by the application of a top gate voltage. This is usu- 
ally achieved by placing the QDM in an n-i Schottky 
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junction. In what follows, we denote excitons by ^^^^ X, 
where eB(T)ihB(T) = {0,1,2} are the electron and hole 
occupation numbers on the B (T) QD, resulting in a total 
of 14 neutral exciton states, which correspond to all possi- 
ble combinations up to double occupancy of electron and 
hole levels, specifically: the vacuum JJqX = |0); two single 
direct exciton states Y^X (bottom exciton) and q\X (top 
exciton); two single spatially indirect exciton states ^X 
and ^X\ direct biexciton states and '^X; indirect 
biexciton states "^X and ^X; the delocalized biexciton 
\\X, and a set of trion-like indirect states: ^X, WX,q\X, 
and ^X. The QDM is continuously pumped by a broad 
square laser pulse of frequency lo, which in general ex- 
cites different nearby exciton levels. The pulse duration 
is long enough to capture several amplitude oscillations 
of the excitonic populations. 

Complex molecular states arise in this system from the 
interplay between charge tunnelings, and th, the inci- 
dent radiation field, and intra- and inter-dot Coulomb 
interactions. The latter are the basic origin of FRET,E21 
where a (near) resonant interdot dipole-dipole interac- 
tion, Vp, allows a donor QD to transfer its exciton en- 
ergy to the acceptor neighboring dot, effectively result- 
ing in the non-radiative interdot "hoping" of the exciton. 
Specifically, 
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where Cr is the dielectric constant, and fJ.T{B) ~ 6.2eA 
are the interband transition dipole momen ts which 
have been characterized extensively! ^^ * ^"^ * ^ ^ The FRET 
strength depends on the size and relative orientation of 
the dipole moments, which we assume are parallel to each 
other and perpendicular to their separation, n 1. This 
gives a value of Vp = O.OSmeV at d = 8.4nm, consistent 
with values used in recent theoretical work .liil Notice that 
the FRET rate, Kda = if ^f®' depends on the spec- 
tral overla p Q be tween the donor emission and acceptor 
absorptionPifillZl Narrow broadenings are characteristic 
of exciton levels in these systems, which makes FRET 
relatively rare. However, the mismatch of the bottom- 
top donor-acceptor levels, Axj,^, depends on structural 
and strain parameters, and may result in a near resonant 
regime depending on growth conditions. ^'^ For structures 
such that ^Xtb — ^f, the coupling is strong and the 
transfer corresponds to nearly coherent "exciton hop- 
ping;" in contrast, in the weak coupling limit, where 
^Xtb ^ ^F, the transfer is typically incoherent, phonon 
assisted via an auxiliary excited level. ^® 

For a given laser frequency lu, and gate field F, the 
exciton dynamics is given by the Hamiltonian, H — 
Hq + Hii + Ht H- Hp, represented in the excitonic basis 
listed above {\i) = \llZr^)' i = 1 . . . 14}. In the ro- 
tating wave approximation,^" iJo = X^i contains 
the detunings of the exciton levels from the laser energy. 
Si = Si - hio. Hq = + ^-c-) is the interac- 

tion with the radiation field, where = {i\f2 ■ E\j)/h. 
Ht = '^ij(tij\'i){j \ + h.c.) contains the charge tunneling 
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FIG. 1: (Color online) (a) Single-exciton energy level diagram 
showing the relevant couplings with the empty QDM state, 
0). (b) Dressed spectrum as function of energy detuning 
(Jjfio. (c) and (d) Show occupation maps of vacuum state |0) 
in Eq. (2), exhibiting features as indicated, where direct, iqX, 
oiX, and indirect excitons, iqX, oiX, have non-zero occupa- 
tion; for vanishing (in c) and non-zero Vp (d). Notice sizeable 
Ap splitting away from tunneling anticrossings in (d). 



matrix elements and Hp = '^^j(Vij\i){j\ + h.c.) is the 
Forster interaction which describes exciton "hopping" in 
the QDM. 

The Xj eigenvalues of H give the "dressed" spectrum 
of the system,^ with eigenstates l^*;) — X^i^iN); which 
are mixtures of the bare exciton states \i). The effec- 
tive Rabi period, Tr, is function of all exciton couplings 
of the Hamiltonian and is of the order of a few 
so that Tfi <^ Tx ^ ^ns, the radiative exciton recom- 
bination time.'22! In the strong coupling limit ,1^^ we as- 
sume Vp ^ Axtb 1 ^/'''x , so that the dynamics of the 
system is approximately coherent for times t, such that, 
Tff < t ^ Tx. In the following, for simplicity, we re- 
port the results of a fully coherent (Hamiltonian) evo- 
lution, although introduction of different relaxation and 
incoherent processesj ^"^ * ^^ ! via a Lindblad formulation of 
the density matrix evolution, results in qualitatively sim- 
ilar results, and does not affect our main conclusions. 
In this regime, the time evolution is unitary, given by 
U{t) = exp( ~'^* ), so that the population of an exci- 
ton state \i) is given at time t by Pi{t) = \{i\U{t)\0)\'^ , 
starting from an 'empty' QDM in state |0). The av- 
erage population for long integration times is given by 
Pi — (1/ioo) /o^ Pi{t)dt, where too stands for a constant 
amplitude pulse duration long enough to capture sev- 
eral amplitude oscillations of the exciton populations. 



3 



Tr too < Tx- We find that only a few Rabi oscil- 
lations are necessary to compute the long-time average 
population after transient effects, and well before a time 
scale where amplitude damping may become relevant. 

III. RESULTS: SINGLE EXCITONS 

Let us consider the effect of Forster coupling of near 
resonant top q\X and bottom \qX direct exciton levels, 
shown on the qualitative level diagram in Fig. la. For 
QDs coupled by tunneling, it is important to include the 
single indirect exciton states. '^S' Although one can study 
the dynamics of the system using the entire basis of neu- 
tral excitons (the 14 states described above and used in 
Fig. 2b,d,f et seq. below), it is simpler and more intuitive 
to consider only the Hamiltonian representing only the 
single-exciton states in the basis, both with direct and 
indirect character. 
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where the columns are associated with the states |0), 
\^lX), \11X), \%X), and W^X), so that the third and 
fourth columns represent spatially indirect excitons, and 
As = eFd is their Stark shift. 

We can simulate a generic LACS map from the average 
population of different exciton states, as function of the 
laser pump energy and applied axial electric field. These 
average population maps for a given coordinate (F, huj) 
are obtained from the dynamics of the QDM and pro- 
jected back to the original exciton basis. Then, any exci- 
ton state populated under pumping will exhibit a relative 
ampHtude pi and a feature on the corresponding map. In 
general, two or more excitons will share population at a 
given (i^, hjjj) coordinate if they have non- vanishing com- 
ponents in a dressed state; then by examination of maps 
corresponding to individual excitons, one can reconstruct 
the entire dressed spectrum of the system. Alternatively, 
one can compute the population map of the vacuum state 
QQ-''' = |0), so that the complete dressed LACS spectrum 
will correspond to all (F, huj) coordinates where this es- 
tate is depopulated (and therefore there are non- vanishing 
amplitudes at the various exciton states of the QDM) . 

A LACS population map for |0) corresponding to the 
simplified Hamiltonian in Eq. (2) is shown in Fig. Ic, for 
d — 8.4 nm, assuming that Y^X and ^X have negligible 
Forster coupling, so that FRET is turned off {Vf — 0). 
In this case, the only interdot couplings are the electron 
and hole tunnelings, te and th] notice also that the only 
mixing between direct exciton lines is due to radiation, 
^T(B)- Through the Stark effect, the applied field F 
shifts the indirect excitons by iA^, tuning them into 
resonance with the direct excitons. Near resonance {F ~ 
±20kV/cm in this case), the charge tunneling produces 



mixing between the direct and indirect excitons, with 
the resulting anticrossings clearly visible in the exciton 
population maps. For simplicity we have neglected the 
confined Stark effect which would also shift the direct 
excitons slightly, as this is not an essential element in 
our discussion. 

However, if the direct excitons are near resonant and 
strongly coupled by Vf, FRET would have the effect of 
considerably splitting the direct exciton lines by A^, Fig. 
Id (for huj ~ 1248 meV, although mixings near the tun- 
neling anticrossing are dominated by tg). The Forster 
coupling signature is seen more clearly in Fig. 2a, which 
shows the average population of the acceptor exciton 
JqX. The splitting of the exciton line near lo ~ 1248 meV 
appears clearly as a non-dispersing satellite line away 
from the anticrossing. Remarkably, for F ~ (—35, —20) 
kV/cm, the satellite disperses away, following the asymp- 
totic indirect line of g?-^- It is interesting that the FRET 
mixing (in conjunction with electron tunneling), makes 
this indirect exciton acquire some of the amplitude and 
"light up." The FRET signature eventually bleaches at 
the anticrossing where tunneling dominates (at low elec- 
tric fields), explicitly demonstrating that tunneling is 
detrimental to FRET. We emphasize that a proper de- 
scription of the dynamics of such system needs to take 
into account the entire set of exciton states, since the 
direct coupling terms in the Hamiltonian and the vari- 
ous higher order virtual processes make the decoupling 
of direct and indirect exciton subspaces not possible. 

Figure 2e compares the populations for fixed electric 
field values, F = -70 and -35kV/cm. The FRET satel- 
lite peak is higher at stronger fields; to understand this 
behavior, we reduce the Hamiltonian onto a subspace 
that mixes only the two direct excitons, |}qX),|qJX), 
with the empty QDM, |0), 

/ 

Hd=\ flT S°l Vf . (3) 
V Vf Sl"„ J 

For — and SIq ~ SqI, the dressed spectrum 
of this Hamiltonian, shown as function of 61q in Fig. 
lb, reveals two anticrossings, one with with large gap 
at = —Vf, and another with negligible gap at 
61q = {Vp — ri^) /Vf = V, and with a relative separation 
Af = 2Vp — (^). Therefore, when the laser energy is 
set to fiw « ^lo^ + system is strongly coupled 

by Vf, and a strong population of the acceptor exciton 
\qX is noticeable; however, when huj ^{{jx ^ V, the 
coupling is weak and the population low. Here V can be 
positive or negative depending on the relative magnitude 
of Vf and fi. Therefore, the acceptor exciton line would 
split into a strong line separated by Af (for |F| 3> 1) 
from a weak and narrow satellite. For low excitation 
power, <C Vf, a better Forster splitting resolution is 
achievable as A^ ~ 2Vf- Notice splitting in Fig. Id is 
~ 0.25 meV {> Af — 0.14meV), as the gap is magnified 
slightly by power broadening and electron tunneling cor- 
rections even for F ~ — 80kV/cm. This effect arises from 



4 



F(kV/cm) 

-80 -60 -40 -20 20 40 60 80 



F(kV/cin) 

-80 -60 -40 -20 20 40 60 80 




(b) 









> 1246 

a> 

— ^ 1247 
Uj" 1248 
1249 



(c) 

















(d) 


Vp=0 I 








F (kV/cm) 

-25 -20 -1 5 




(meV) 



1250 1251 1252 1253 1254 1255 
E|__^^(meV) 



FIG. 2: (Color online) (a) Population map of acceptor exci- 
ton iqX for system described by Eq. shows FRET-induced 
weak satellite line (black arrows), parallel up to tunneling an- 
ticrossing region, (b) Signature persists, even when taking 
all biexciton transitions into account (all 14 states). The re- 
spective population maps (c) and (d) show no satellites for 
Vf = (no FRET), (e) Acceptor population for two fixed 
values of _F = —35 (black dashed line) and F — — 70kV/cm 
(blue solid), (f) Acceptor population as in (e) but for full 
system in (b). Notice absence of features when Vf = in 
insets. 



tunneling correction terms to the non-diagonal matrix el- 
ements of Eq. (3) at intermediate electric fields, for which 
Eq. (2) or the full Hamiltonian is more appropriate. If 
the donor/ acceptor excitons are in resonance, SqI ~ SIq, 
the time-dependent exciton populations are given by 



IV'io°(^)l' = Hol{t)f = (|f ) (1 - cosinnt)) , (4) 



where ^Ir = \/ {SIq + Vp)'^ + Sfi^ is the Rabi frequency 
at that detuning [notice that the eigenvalue gap a,t Sl^ = 
-Vf in Fig. lb is 2V2n], and n = = ^b- Corre- 
spondingly, the average exciton population is given by 
p\q = 2ri^/ri|j, which is clearly maximal for 61q = —Vf, 
and monotonically increases with laser power for other 
detunings. The tunability of p\q with laser detuning and 
excitation power, suggests control of the FRET effective 
coupling via laser parameters, for a given QDM, which 
may be important in the experimental identification and 
utilization of this effect. 



FIG. 3: (Color online) (a) Population map of acceptor exciton 
02^^, showing splitting of indirect exciton line over large F 
range. Blue dashed line indicates the asymptotic position of 
the direct biexciton [jlA" mixing with the acceptor level. Top 
right inset: map with no FRET. Bottom left inset: Zoom of 
indirect line splitting, (b) Average population for three values 
of F, showing invariance of indirect split-off energy: satellite 
line in (a) tracks the brighter exciton line nearly parallel, (c) 
Reduced level diagram describing the system for high values 
of F. 

A. Biexcitonic effects 

Under strong laser excitation,'22l there is the possibility 
of exciting additional exciton levels outside the relevant 
subspace of consideration. For example, excited levels of 
a direct (indirect) exciton appear usually at a few meV 
higher energy, as they correspond to excited levels of the 
electron or the ho le, depending on the value of the ef- 
fective mass.l^EIIll Other excitations, such as LO phonon 
resonances, appear ~ 35meV above the lowest exciton 
transition for GaAs,'2Sl and can be safely ignored. How- 
ever, biexciton resonances cannot be usually ignored in 
the dynamics of single excitons of Eq. (2), as their de- 
tuning is at most a few meV.^^ The pumping of biexci- 
tons in either QD, 20^; '^^Y then be expected to 

strongly affect the dynamical evolution of the single ex- 
citon states, as the additional subspace spanned by all 
biexcitonic complexes would extract population from the 
single exciton states. However, the FRET split-off satel- 
lite is remarkably persistent and appears with significant 
intensity. In Fig. 2f we present the results of the full 
Hamiltonian (14 states), showing only a slight attenua- 
tion of the main peak, while the satellite remains strong. 
The differences with Fig. 2e arise from mixing with an 
increased number of exciton states, and interestingly re- 
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FIG. 4: (Color online) Splitting under FRET, (a) The trion- 
like state })\X has satellite after mixing with the biexciton 
resonance 02X, as shown in (b). Notice inset shows no split- 
ting when Vf = 0. Comparison of (c) and (d) confirms mix- 
ing of FRET satellites between direct and trion-like biexciton 
states; FRET signature on direct biexciton state is weaker by 
an order of magnitude. 

suits in better contrast of the Forster signature. 

IV. FRET IN BIEXCITONIC COMPLEXES 

Let us consider a different FRET process involving 
partial spatially indirect biexciton complexes, q\X, flX. 
These states are naturally accompanied by other nearby 
indirect biexcitons, IfX and 20^1 a,nd as all carry a large 
effective dipole moment, they would be efficiently cou- 
pled by FRET if in/near resonance. These neutral states 
are trion-like objects, as they can be pictured as a trion 
in one dot,!^ plus a residual charge in the second dot. 
Notice that q^X, ffX experience the same Stark shift 
A5 = eFd, while iiX, IqX shift with opposite slope by 
— A5. Therefore, for large A 5 and 6q2 similar to 6fi, the 
evolution of such system can be studied by considering 
the effective three-state Hamiltonian 

/As nr \ 
Hi=\ S'o2 + As Vf , (5) 
V nB Vf Sf°, + As y 

where FRET couples ffX and 02-^, while the indirect 
exciton q^X (first column) couples directly to these biex- 
citon states via the laser field, as Fig. 3c indicates. Since 
all three levels acquire the same Stark shift As, the eigen- 
values are invariant against F variation. This symmetry 



makes Eq. (5) similar to (3), so that the FRET coupling 
should result in a bright exciton line with a split-off satel- 
lite that follows an indirect exciton line. Our simulations 
for the full Hamiltonian with 14 states confirm that this 
occurs for a wide range of F, see Fig. 3a, except at the 
tunneling anticrossings where the trion-like exciton mixes 
strongly with the direct exciton qI^- Moreover, the split- 
ting itself does not change appreciably with F, see Fig. 
3b, even as the amplitude varies. The population inten- 
sity increases as one moves away from the anticrossing, 
since the exciton population is shared only among three 
states. The strong mixing with g^X in the range of field 
F shown results in 'dressing' from the remaining direct 
exciton lines at hoj ~ 1251meV, makes the biexcitonic 
FRET signature appear as a weak satellite split peak, 
see Fig. 4b. Figures 4c and 4d compare the much dif- 
ferent population amplitudes of the trion-like and direct 
biexcitons for the same region of laser frequency. 



V. CONCLUDING REMARKS 

fn summary, we have shown it is possible to detect 
FRET signatures on the level anticrossing dressed spec- 
trum of QDMs, with strength controllable by laser de- 
tuning and excitation power, despite the dominant effect 
of electron (hole) tunneling. The direct acceptor exciton 
line splits, so that away from the tunneling anticross- 
ing (large Stark shift), a satellite peak follows the ac- 
ceptor direct line. Near the anticrossing, however, the 
line follows an indirect exciton line that mixes with the 
direct exciton donor level, vanishing completely at the 
anticrossing, where tunneling dominates. FRET among 
trion-like indirect biexcitons generates signatures that 
also appear as a split exciton line and are robust over 
a wide range of Stark shifts. 

The use of differential transmission spectroscopy mea- 
surements of exciton populations is well suited to inves- 
tigate the dressed spectrum of QDs.^^ An excitonic state 
is populated in the first dot via pulsed pump laser excita- 
tion. A second weak probe pulse could be sent into reso- 
nance with the excitonic transition frequency of the sec- 
ond dot (which is different from the first dot), then mea- 
sure the transient differential transmission of this probe, 
reflecting its population. For example, for single exciton 
direct transitions, if an electron is in the second dot, the 
probe photon cannot be absorbed there because of Pauli 
blockade (if both pump and probe carry the same polar- 
ization). Moreover, in this technique lineshape broaden- 
ing may be suppressed further by the careful interplay of 
the laser excitation and probe pulses. 

As these FRET signatures become identified in exper- 
iments, they may be useful as an interesting alternative 
probe and control of interdot interactions and the quan- 
tum state of exciton-defined qubits. We look forward to 
further experimental and theoretical studies in this di- 
rection. 
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